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porosities. In the present study, the rule of mixture is modified to take into account the effect of
porosity and to approximate the material properties assumed to be graded in the thickness direction
of the examined annular plate. A semi-analytical model based on Hamilton’s principle and spectral
analysis is adopted using a homogenization procedure to reduce the problem under consideration to
that of an equivalent isotropic homogeneous annular plate. The problem is solved by a numerical
iterative method. The effects of porosity, material property, and elastic foundations characteristics
on the CCFGAP axisymmetric large deflection response are presented and discussed in detail.
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A lot of research and development have been carried out to
investigate Functionally Graded Materials FGMs for various
applications using gradients in physical, chemical, biochemical,
and mechanical properties. The main characteristic that distin-
guishes FGMs from conventional composite materials is the
possibility of tailoring the graded composition and microstruc-
ture in an intentional manner, destined to achieve the desired
function. The design of FGM structures is based on an attempt
to take the best benefit from the integration of the functions of
Nomenclature
CCFGAP Clamped–Clamped Functionally Graded Annu-
lar Plates
DQM, DSC Differential Quadrature Method and Discrete
Singular Convolution respectively
HDQ, FEM Harmonic Differential Quadrature and Finite
Element Method respectively
FSDT, FD First order Shear Deformation Theory and Fi-
nite Differences respectively
b; a; h inner radius, outer radius and thickness of the
annular plate respectively
a inner to outer radius ratio of the annular plate.
a ¼ b=a
k thickness to outer radius ratio of the annular
plate. k ¼ h=a
#c; #m volume fraction of ceramic and metal respectively
k; f gradient index and porosity volume fraction
respectively
m Poisson’s ratio of the annular plate material
Ec;Em Young’s modulus of ceramic and metal respec-
tively
qc; qm mass density of ceramic and metal respectively
r; h; zð Þ cylindrical co-ordinates
W;U transverse and in-plane displacements of the mid-
dle plane point r; h; zð Þ respectively
ur; uz displacements along r and z directions respec-
tively
er; eh radial and circumferential strains respectively
Vb;Vm;V bending, membrane and total strain energy
respectively
Vf;T potential energy of the elastic foundation and Ki-
netic energy
KL;KNL;KS Winkler, non-linear and shear layer founda-
tion parameters respectively
A11;B11;D11 extensional stiffness, extensional–bending
coupling stiffness and bending stiffness respec-
tively
d, b, c d ¼ B11=A11; b ¼ A11h2
 
=D11; c ¼ A11h2
 
=4D11
Mode m; nð Þ m: nodal diameters. n: interior nodal circles
kwij ;m
w
ij ; b
w
ijkl general terms of the rigidity tensor, the mass
tensor and the fourth order non-linearity tensor,
respectively, associated with the transverse dis-
placement
kuij;m
u
ij general terms of the rigidity tensor and the mass
tensor, respectively, associated with the in-plane
displacement
Cuwijk general term of the third order non-linearity rigid-
ity tensor representing the coupling between the
in- and the transverse displacements
dijk general term of the third order tensor allowing the
calculation of the kth in-plane contribution coef-
ficient
bijkr general term of the fourth order non-linearity
rigidity tensor taking into account the influence
of the in-plane displacement
wmax maximum non-dimensional vibration amplitude
w rð Þ transverse shape function W(r, t) = w(r)cos(xt)
u rð Þ in-plane shape function U r; tð Þ ¼ u rð Þcos2 xtð Þ
ai; bi contribution coefficient of the ith transverse and
in-plane basic function respectively.
w rð Þ ¼ aiwi rð Þ; u rð Þ ¼ biui rð Þ
po; pi number of transverse and in-plane basic functions
respectively
Af g column matrix of transverse contribution coeffi-
cients: Af gT ¼ a1; a2; . . . ; apo
 
gi the ith transverse eigenvalue parameter for
axisymmetric CCFGAP
ni the ith in-plane eigenvalue parameter for axisym-
metric CCFGAP
xnl=x

l
 
i
the ith non-dimensional frequency ratio
rbr; rbh radial and circumferential bending stresses
rmr; rmh, radial and circumferential membrane stresses
rtr radial total stress
* star exponent indicates non-dimensional parame-
ter
314 L. Boutahar et al.refractoriness, high wear resistance hardness, thermal shock
resistance, and corrosion resistance of ceramics on the one
hand as well as the high strength and toughness of metals on
the other hand. This has led to a variety of structural applica-
tions [1]. FGMs that are made from a mixture of metal and
ceramics are typically characterized by a smooth and continu-
ous change of the mechanical, physical, and chemical proper-
ties from one side to the other [2–4]. These FGMs designs are
reported to overcome weaknesses of laminated composite
materials such as de-bonding under massive stress, local large
plastic deformations or the buildup of residual stresses caused
by the large difference in thermal expansion coefficients among
components [5]. Generally speaking, the compositional gradi-
ent obtained in FGMs offers an excellent solution for such
cases as a result of a continuous transition from one material
property to the other avoiding abrupt mismatch [6], which
keeps the thermo-mechanical stresses within acceptable limitsand minimizes the residual thermal stresses [7]. FGMs have
been widely used in aerospace, energy, electronics, and other
industries. With the increasing attention of researchers, a wide
variety of processes has been used in the preparation of FGMs
such as powder metallurgy, vapor deposition, self-propagation,
centrifugal casting, and magnetic separation [8–12]. All of these
methods mentioned above have their own drawbacks such as
high costs and complexity of the technique. The sintering pro-
cess proves to be a flexible and suitable route for FGM manu-
facturing. However, during the process, microvoids or
porosities can occur within the material, due to the large differ-
ence in the solidification temperatures between the material
constituents [13]. The presence of small pores results in a sharp
decrease in strength and elastic modulus. Hence, it is important
to take into account the porosity effect when designing FGM
structures subjected to dynamic loadings. To describe the inter-
action of a plate with its foundation, various basic models have
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tic foundation is Winkler model, which considers the founda-
tion as a set of separate and independent springs. This was
later improved by Pasternak which takes into account the inter-
actions between the separated springs in Winkler model by
introducing a new dependence parameter. Plates resting on
elastic foundations have been widely adopted by many
researchers to model interaction between elastic media and
plates for various engineering problems. There are some
research studies on the free vibration of beams, rectangular, cir-
cular and annular plates resting on elastic foundations. Ying
et al. [14] presented Two-dimensional elasticity solutions for
functionally graded beams on elastic foundations. Pradhan
and Murmu [15] analyzed thermo-mechanical vibration of
FGM sandwich beam under variable elastic foundations by
DQM. Malekzadeh [16] studied 3-D free vibration of thick
functionally graded plates on elastic foundations. Huang
et al. [17] presented Benchmark solutions for functionally
graded thick plates resting on Winkler–Pasternak elastic
foundations. Civalek and Akgo¨z [18] used DSC method for
non-linear analysis of laminated plates resting on Winkler–
Pasternak elastic foundations. Civalek investigated geometri-
cally non-linear static and dynamic analysis of thin rectangular
plates resting on Winkler–Pasternak elastic foundations, using
[19] DSC-HDQ coupled methodology and [20] HDQ-FD cou-
pled methodology. Dumir et al. [21] investigated geometrically
non-linear axisymmetric vibration of orthotropic thin circular
plates on elastic foundations using an orthogonal point colloca-
tion method for spatial discretization and Kantorovich averag-
ing method to eliminate the time t. Zhou et al. [22] presented
3-D free vibration of thick circular plates on Pasternak founda-
tion. Hosseini Hashemi et al. [23] investigated 3-D free vibra-
tion analysis of annular plates on Pasternak elastic
foundation by p-Ritz method. Malekzadeh et al. [24] investi-
gated the free vibration analysis of FG thin-to-moderately
thick annular plates subjected to thermal environment on elas-
tic foundation based on the FSDT using DQM. However, the
vibration analyses of structures with porosities resting on elas-
tic foundations are rather rare and the available results are lim-
ited to FG beams with porosities [25]. Thin plates made of
Functionally GradedMaterials with or without an elastic foun-
dation have found wide applications as a component in practi-
cal engineering structures such as aerospace, marine industry,
biomechanics, petrochemical, mechanical and civil engineering,
nuclear engineering, and reactors. There are many situations
such as seismic tests, nuclear explosions, and earthquakes, in
which these structures are subjected to transient loads and
where large amplitudes of motion may occur, sometimes
exceeding the plate thickness. Therefore, a dynamic analysis
of such components taking into account the geometric nonlin-
earity is important for the safety and stability of the structures.
In this case, the linear models are not sufficient to predict the
behavior of the plates. Geometrically non-linear vibration of
some structures, beams, plates and shells, with different bound-
ary conditions has long been a subject receiving numerous
research efforts, as evidenced by many analytical, semi-
analytical and numerical studies reported in the open literature.
For a good understanding of the progress in this field, inter-
ested readers may consult the reviews presented in [26–30].
Compared with the free vibration analysis of FG beams and
rectangular plates (see for example [31–42]), the studies
concerned FG circular and annular plates are very limited innumber, and are briefly discussed below. Reddy et al. [43] inves-
tigated the axisymmetric bending of FG circular and annular
plates using the FSDT to formulate the problem. Gunes and
Reddy [44] used the Green–Lagrange strain tensor to analyze
the geometrically non-linear vibration of FG circular plates
subjected to mechanical and thermal loads, and a homogeniza-
tion method based on the Mori–Tanaka scheme to evaluate
material properties. Ma and Wang [45] analyzed the non-
linear bending and post-buckling of a FG circular plate under
mechanical and thermal loadings. Prakash and Ganapathi
[46] analyzed the asymmetric free vibration characteristics
and thermoelastic stability of FG circular plates based on the
FSDT using the FEM. Eraslan and Akis [47] obtained the
closed-form solution for FG rotating solid shaft and rotating
solid disk under generalized plane strain and plane stress
assumptions, respectively. Efraim and Eisenberger [48]
achieved the exact vibration analysis of thick annular isotropic
and functionally graded plates with a variable thickness using
the FSDT to formulate the problem. Nie and Zhong [49] inves-
tigated the three-dimensional vibration of functionally graded
circular plates using a semi-analytical method based on the
state space method and DQM. Dong [50] studied the three-
dimensional free vibration of FG circular and annular plates
using the Chebyshev–Ritz method. Nie and Zhong [51] used
a semi-analytical numerical method based on the state space
and DQM to study the dynamic behavior of multi-directional
FG annular plates. Chakraverty et al. [52] presented the effect
of non-homogeneity of the material properties on the vibration
frequencies of circular and elliptic plates. They used boundary
characteristic orthogonal polynomials as the basis function in
the Rayleigh Ritz method to solve the problem. A model based
on Hamilton’s principle and spectral analysis has been devel-
oped in the previous series of works [53–69] for non-linear free
vibrations of thin straight structures, such as beams, plates, and
shells. In this model, the non-linear free vibration problem is
reduced to a set of non-linear algebraic equations suggested
as a problem solution that has been numerically performed
using appropriate algorithms in order to obtain a set of non-
linear mode shapes for the structure considered in each case,
with the corresponding amplitude dependent non-linear
frequencies. The main features of this approach have been
discussed for the first time in [53]. However, although the works
mentioned above made it quite easy to calculate the non-linear
mode shapes, the non-linear frequencies and the non-linear
stresses of the structures considered, via numerical solution of
a small set of non-linear algebraic Eqs. ((5) for beams [54], 6
for clamped circular plates [68], 8 for fully clamped rectangular
plates [55], 11 for shells [57]), it was thought that further
investigations could be directed toward a further step in the
development of a sort of non-linear modal analysis theory. This
should allow easy calculation of the non-linear free response of
thin straight structures, in terms of their classical mass and
rigidity matrices, the non-linear geometrical rigidity tensor
introduced in the above model, and the amplitude of vibration.
The accuracy of the method, which can be considered as an
extension of the Rayleigh–Ritz method to non-linear vibra-
tions, will be mainly influenced by the choice of the admissible
functions, defined by Amabili and Garziera [70] as the
eigenfunctions of the closest simple problem extracted from
the considered one.
The objective of the present work was to determine the geo-
metrically non-linear free vibration response of CCFGAP with
Figure 1 Geometry and coordinate system of CCFGAP with
porosities, resting on elastic foundations.
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oretical model discussed above. The displacements of a given
point of the middle plane of the plate are expanded in the form
of finite series of admissible functions, which satisfy the bound-
ary conditions. Upon assuming harmonic motion, the dis-
cretized expressions for the total strain and kinetic energies
of the plate are then derived, and by applying Hamilton’s prin-
ciple, and integrating the time functions over the range
0; p= 2xð Þ½  to eliminate the time t, the problem is reduced to
a system of coupled non-linear algebraic equations. These
amplitude equations may be decoupled, by neglecting the in
plane inertia. The solution is then obtained numerically using
an iterative procedure described in [71–73] for fully clamped
isotropic and laminated rectangular plates. The work is
restricted for consideration of the fundamental axisymmetric
mode in order to concentrate on the study of the influence of
the material property distribution, the porosity, and the elastic
foundation parameters on the plate non-linear dynamic
response near to the fundamental resonance.
2. General formulation
2.1. Problem definition
Consider the thin functionally graded annular plate clamped at
both edges (CCFGAP), of uniform thickness hð Þ, outer radius
að Þ and inner radius bð Þ. It is made of a mixture of ceramic and
metal whose compositions vary from the top to the bottom
surface. The top surface z ¼ þh=2ð Þ of the plate is ceramic-
rich whereas the bottom surface z ¼ h=2ð Þ is metal-rich. In
this investigation, the imperfect CCFGAP is assumed to have
porosities spreading within the plate cross section due to a
defect during production. CCFGAP’s geometry and its
cross-sectional area including porosity phases are shown in
Fig. 1. The numerical results presented in this paper corre-
spond to the thickness h ¼ 0; 01ð Þ, the outer and inner radius
a ¼ 0; 5; b ¼ 0; 05ð Þ, and the inner to outer radius ratio
ða ¼ b=a ¼ 0:1Þ.
2.2. Mechanical properties of the FGAP with porosities
The material property P (e.g., Young’s modulus E, mass den-
sity q and Poisson’s ratio m) of the FGAP with porosities exam-
ined here is assumed to vary through the thickness of the plate,
as a function of the volume fraction, the properties of the con-
stituent materials, and the porosity volume fraction f f  1ð Þ.
Two kinds of porosity distribution through the plate thickness
among the metal and ceramic are considered in this study, fol-
lowing the choice made in [25].
The porosity in the first scenario is even among the metal
and ceramic. The modified rule of mixture is proposed as
follows:
P zð Þ ¼ Pm #m  f
2
 
þ Pc #c  f
2
 
ð1Þ
In which #c and #m are the ceramic and metal volume frac-
tions, respectively and are related by the following:
#m þ #c ¼ 1 ð2Þ
and the power law of volume fraction of the ceramic #c is
defined by [74]:#c zð Þ ¼ z
h
þ 1
2
 k
; kP 0 ð3Þ
The gradient index kð Þ dictates the material variation profile
across the plate thickness. It is assumed that the effective
Young’s modulus Eð Þ and the mass density qð Þ vary along
the plate thickness while the Poisson’s ratio mð Þ is considered
to be constant.
Hence, all properties of the imperfect FGAP can be written
as follows:
P zð Þ ¼ Pc  Pmð Þ z
h
þ 1
2
 k
þ Pm  Pc þ Pmð Þ f
2
ð4Þ
Eq. (4) shows that if k ¼ 0ð Þ, the plate reduces to a pure cera-
mic plate. As the gradient index increases, the ceramic volume
fraction decreases until it is small enough such that the mate-
rial properties tend to pure metal. The material properties of a
perfect FGAP can be obtained when fð Þ is set to zero. Thus,
Young’s modulus Eð Þ and material density qð Þ expressions of
the imperfect CCFGAP can be formulated as follows:
E zð Þ ¼ Ec  Emð Þ z
h
þ 1
2
 k
þ Em  f
2
Ec þ Emð Þ ð5Þ
q zð Þ ¼ qc  qmð Þ
z
h
þ 1
2
 k
þ qm 
f
2
qc þ qmð Þ ð6Þ
In the second scenario, the porosities are distributed around
the middle zone of the cross section, and the amount of poros-
ity decreases and tends to zero at the top and bottom of the
Table 1 Material property of metal and ceramic constituents
of the FGAP.
Materials Young’s modulus E (GPa) Poisson’s ratio t
Ceramic (Zirconia) 110.25 0.288
Metal (Aluminum) 278.41 0.288
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sequential infiltration technique that can be used to produce
FGM samples, the porosities mostly occur at the middle zone
[75]. In this zone, it is difficult to infiltrate the materials
completely while at the top and bottom zones and the process
of material infiltration can easily be performed. It can also lead
to less porosity. The expressions for Young’s modulus Eð Þ and
the material density qð Þ in Eqs. (5) and (6) are modified as
follows:
E zð Þ ¼ Ec  Emð Þ z
h
þ 1
2
 k
þ Em  f
2
Ec þ Emð Þ 1 2 zj j
h
 
ð7Þ
q zð Þ ¼ qc  qmð Þ
z
h
þ 1
2
 k
þ qm 
f
2
qc þ qmð Þ 1
2 zj j
h
 
ð8ÞFigure 2 Variation of Young’s modulus through the plate thickness fo
of porosity distribution, (c) second kind of porosity distribution, andAll of the material properties used in the present study are
taken from Reddy et al. [76] and summarized in Table 1.
Young’s modulus variations through the plate thickness
adopted here are illustrated in Fig. 2(a)–(d). As it can be seen
in Fig. 2(a), in which the variation of Young’s modulus
through the plate thickness without porosities is presented,
the material composition is continuously varying in such a
manner that the top surface z=h ¼ þ0:5ð Þ of the plate is cera-
mic rich, whereas the bottom surface z=h ¼ 0:5ð Þ is metal
rich. In Fig. 2(b) and (c), two variations of Young’s modulus
through the plate thickness corresponding to two kinds of
porosity distribution are presented. In Fig. 2(b), in which the
porosities are spreading within the plate cross section, one
observes the same form of curves more than those obtained
in Fig. 2(a), with a decrease in Young’s modulus, leading to
a decrease in the plate stiffness through the whole plate cross
section. In Fig. 2(c), the porosities are spreading around the
middle zone of the cross section, and the amount of porosity
tends to zero at the top and bottom of the cross section. The
maximum of Young’s modulus is reached at the top and bot-
tom of the cross section and decreases in the direction of the
middle zone, leading to a low stiffness around the plate mid-
plane. Fig. 2(d) shows that the second kind of porosity distri-
bution exhibits a less decrease in the plate stiffness than the
first kind does, except at the neutral surface where it is ther different values of gradient index: (a) Perfect FGM, (b) first kind
(d) comparison of the two kinds of porosity distribution.
318 L. Boutahar et al.same. The variation of Young’s modulus through thickness of
the imperfect FGAP with the first and second kind of porosity
distribution is plotted in Fig. 3(a) and (b) respectively, for dif-
ferent values of the porosity volume fraction. These figures
show that Young’s modulus decreases with increasing the
porosity volume fraction. The decrease of Young’s modulus
indicates a decrease in the plate stiffness.
2.3. Basic theory
2.3.1. Displacement field of the annular plate
According to the Classical Plate Theory (CPT), the displace-
ment field of an annular plate in the cylindrical coordinates
system is given by [77]:
ur r; z; tð Þ ¼ U r; tð Þ  z @W r; tð Þ
@r
ð9Þ
uz r; tð Þ ¼ W r; tð Þ ð10Þ
where uz and ur are the displacements in the transverse
z-direction and radial r-direction of the plate, respectively;
W r; tð Þ is the transverse displacement and U r; tð Þ is the radial
displacement of the mid-plane. The strains for a thin annular
plate at any level z are obtained by using the geometric non-
linear theory of thin plates in a Von Karman’s sense, leading
to the following:
er ¼ @U
@r
þ 1
2
@W
@r
 2
 z @
2W
@r2
ð11Þ
eh ¼ U
r
 z
r
@W
@r
ð12Þ2.3.2. Total strain and kinetic energy expressions of FGAP
The total strain energy, V, of the annular plate is given as the
sum of the strain energy due to the bending Vb, the membrane
strain energy due to the non-linear stretching forces induced by
large deflections Vm and the potential energy of the elastic
foundation Vf.
V ¼ Vb þ Vm þ Vf ð13ÞFigure 3 Effects of the porosity volume fraction on Young’s modulu
and (b) second kind of porosity distribution.The expressions used for, Vb;Vm;Vf and the kinetic energy T
depend on the considered problem as well as the adopted
hypotheses.
Vb ¼ p
Z a
b
D11
@2W
@r2
 2
þ 1
r2
@W
@r
 2
þ2m
r
@W
@r
@2W
@r2
" # 
B11 @W
@r
 2
@2W
@r2
þ m
r
@W
@r
@W
@r
 2" #!
r dr ð14Þ
Vm ¼ pA11
Z a
b
@U
@r
 2
þ@U
@r
@W
@r
 2
þ1
4
@W
@r
 4"
þU
2
r2
þ2mU
r
@U
@r
þ mU
r
@W
@r
 2#
r dr
2pB11
Z a
b
@U
@r
@2W
@r2
þU
r2
@W
@r
þ m
r
@U
@r
@W
@r
þ mU
r
@2W
@r2
 	
r dr
ð15Þ
where
A11;B11;D11ð Þ ¼
Z h=2
h=2
E zð Þ
1 m2 1; z; z
2
 
dz ð16Þ
The extensional stiffness A11, extensional–bending coupling
stiffness B11 and bending stiffness D11 of FGAP can be written
as functions of the gradient index kð Þ as follows:
A11 ¼ h
1 m2ð Þ
Ec  Emð Þ
kþ 1ð Þ þ Em 
f
2
Ec þ Emð Þ
 	
ð17Þ
B11 ¼ Ec  Emð Þh
2
1 m2ð Þ
k
2 kþ 1ð Þ kþ 2ð Þ
 	
ð18Þ
D11 ¼ h
3
1 m2ð Þ
Ec  Emð Þ k2 þ kþ 2
 
4 kþ 1ð Þ kþ 2ð Þ kþ 3ð Þ þ
Em
12
 f
24
Ec þ Emð Þ
" #
ð19Þ
Vf ¼ pKL
Z a
b
W2r drþ p
2
KNL
Z a
b
W4r drþ pKS
Z a
b
@W
@r
 2
r dr
ð20Þs of the imperfect CCFGAP: (a) first kind of porosity distribution
A homogenization procedure for geometrically non-linear free vibration analysis 319where KL;KNL;KS are the Winkler, non-linear and shear layer
foundation parameters respectively.
In most engineering applications of thin plates, rotatory
and in-plane inertia effects can be neglected [78]. Thus, the
kinetic energy of an annular plate reduces to the following:
T ¼ pI0
Z a
b
@W
@t
 2
þ @U
@t
 2" #
r dr; I0 ¼
Z h=2
h=2
q zð Þdz
ð21; 22Þ
and q is the mass per unit volume of the plate material.
2.3.3. The homogenization procedure
Herein, a new coordinate system is assumed which is at the dis-
tance d from the previous one [79,80], defined by:
z ¼ zþ d ð23Þ
where d is the vertical distance between the forgoing coordi-
nate system and the new one. The new coordinate is applied
and can be written as follows:
A11 ¼
Z h
2
h2
E zð Þ
1 m2 dz ¼
Z h
2
h2
E zð Þ
1 m2 dz
A11 ¼ A11
ð24aÞ
The effective extensional stiffness A11 does not change in this
new coordinate system.
B11 ¼
Z h
2
h2
E zð Þ
1 m2 zdz
¼
Z h
2
h2
EðzÞ
1 m2 zdzþ d
Z h
2
h2
EðzÞ
1 m2 dz
B11 ¼ B11 þ dA11
ð24bÞ
Now, we put d ¼ B11=A11 in order to achieve B11 ¼ 0.
D11 ¼
Z h
2
h
2
E zð Þ
1 m2 z
2dz
¼
Z h
2
h2
EðzÞ
1 m2 z
2dzþ 2d
Z h
2
h2
EðzÞ
1 m2 zdzþ d
2
Z h
2
h2
EðzÞ
1 m2 dz
¼ D11 þ 2dB11 þ d2A11
D11 ¼ D11  B211=A11
ð24cÞ
where D11 is the effective bending stiffness.
As the vertical displacement in the new coordinate system is
the same as in the previous one, Eqs. (14) and (15) in the new
system can be converted to:
Vb ¼ pD11
Z a
b
@2W
@r2
 2
þ 1
r2
@W
@r
 2
þ 2 m
r
@W
@r
@2W
@r2
" #
r dr
ð25Þ
Vm ¼ pA11
Z a
b
@U
@r
 2
þ @U
@r
@W
@r
 2
þ 1
4
@W
@r
 4
þU
2
r2
"
þ 2mU
r
@U
@r
þ mU
r
@W
@r
 2#
r dr ð26Þ2.3.4. Discretization of the total strain and kinetic energy
expressions
The transverse displacement function W r; tð Þ, which is mainly
concerned with the amplitude dependence of the first harmonic
component spatial distribution, is given by:
Wðr; tÞ ¼ wðrÞcosðxtÞ ð27Þ
The in-plane displacement function U r; tð Þ is taken in the fol-
lowing form:
U r; tð Þ ¼ u rð Þcos2 xtð Þ ð28Þ
The spatial functions w rð Þ and u rð Þ are expanded in the form of
finite series of po and pi transverse wi rð Þ and in-plane ui rð Þ basic
functions, respectively, as follows:
w rð Þ ¼ aiwi rð Þ; u rð Þ ¼ biui rð Þ ð29Þ
where the usual summation convention for repeated indices is
used from 1 to po and from 1 to pi for the a0is and b
0
is coeffi-
cients respectively. The discretized forms for the total strain
and kinetic energies are respectively given by the following:
V ¼ 1
2
aiajk
w
ij cos
2 xtð Þ
þ 1
2
aiajakalb
w
ijkl þ aiajbkCuwijk þ bibjkuij
h i
cos4 xtð Þ ð30Þ
T ¼ 1
2
x2 aiajm
w
ij sin
2 xtð Þ þ bibjmuijsin2 2xtð Þ
h i
ð31Þ
In these equation mwij ;m
u
ij; k
w
ij ; k
u
ij s, are the mass and rigidity ten-
sors associated with w and u, respectively, bwijkl and C
uw
ijk are the
fourth and third order non-linearity and coupling tensors
respectively. The general terms of these tensors are given by:
mwij ¼ 2pI0
Z a
b
wiwjr dr ð32Þ
muij ¼ 2pI0
Z a
b
uiujr dr ð33Þ
kwij ¼ 2pD11
Z a
b
dw2i
dr2
dw2j
dr2
þ 1
r2
dwi
dr
dwj
dr
 !
r dr
þ pKL
Z a
b
wiwjr drþ pKS
Z a
b
dwi
dr
dwj
dr
r dr ð34Þ
kuij ¼ 2pA11
Z a
b
dui
dr
duj
dr
þ 1
r2
uiuj þ m
r
dui
dr
uj þ m
r
ui
duj
dr
 
r dr
ð35Þ
Cuwijk ¼ 2pA11
Z a
b
dwi
dr
dwj
dr
duk
dr
þ m
r
dwi
dr
dwj
dr
uk
 
r dr ð36Þ
bwijkl ¼ p
A11
2
Z a
b
dwi
dr
dwj
dr
dwk
dr
dwl
dr
r drþ p
2
KNL
Z a
b
wiwjwkwlr dr
ð37Þ
It appears from Eqs. (32)–(37) that the mass and rigidity ten-
sors are symmetric, and that the fourth order tensor bwijkl and
the third order tensor Cuwijk are such:
bwijkl ¼ bwklij ¼ bwjilk ¼ bwikjl; Cuwijk ¼ Cuwjik ð38Þ
320 L. Boutahar et al.2.3.5. Governing equations
It is well known that the dynamic behavior for a conservative
system may be obtained by the application of Hamilton’s prin-
ciple, which, if no forcing term is considered, can be written as
follows:
@
Z p
2x
0
V Tð Þdt ¼ 0 ð39ÞTable 2 First six dimensionless linear frequency parameters of the
inner to outer radius ratios (f= 0, k= 0).
Mode b/a
(m, n) 0.1 0.2 0.3
(0, 1) 27.2805 34.60850 45.34540
(0, 2) 75.3650 95.74040 125.3616
(0, 3) 148.213 188.1479 246.1573
(0, 4) 245.483 465.5756 407.2405
(0, 5) 367.174 650.5815 608.6237
(0, 6) 513.267 866.4487 850.3056
Table 3 Comparison of dimensionless linear frequency parameters
and inner to outer radius ratios (f= 0, k= 0).
Results Mode b/a
(m, n) 0.1 0.2 0.3
Leissa [82] (0, 1) 27.3000 – 45
Vera et al. [83] 27.2800 – 45
Han and Liew [84] – – –
Zhou et al. [85] – 34.6090 –
Present study 27.2805 34.6093 45
Leissa [82] (1, 1) 28.4000 – 46
Vera et al. [83] 28.9150 – 46
Han and Liew [84] – – –
Zhou et al. [85] – 36.1030 –
Present study 28.9158 36.1032 46
Leissa [82] (2, 1) 36.7000 – 51
Vera et al. [83] 36.6170 – 51
Han and Liew [84] – – –
Zhou et al. [85] – 41.8200 –
Present study 36.6173 41.8196 51
Leissa [82] (3, 1) 51.2000 – 60
Han and Liew [84] – – –
Zhou et al. [85] – 53.3880 –
Present study 51.2188 53.3875 60
Table 4 First six dimensionless linear frequency parameters of the pe
and outer radius ratios (f= 0, k= 0).
Mode b/a
(m, n) 0.1 0.2 0.3
(0, 1) 15.5307 17.9412 22.1436
(0, 2) 53.7362 64.8879 82.8865
(0, 3) 115.526 142.241 183.686
(0, 4) 201.316 250.304 324.716
(0, 5) 311.286 389.154 506.016
(0, 6) 445.518 558.821 727.585Replacing T and V by their discretized expressions in the
energy condition (39), integrating the time functions over
the range ð0; 2p=xÞ and calculating the derivatives with
respect to the a0is and b
0
is, and taking into account the
properties of symmetry of the tensors involved, lead to
the following coupled two sets of non-linear algebraic
equations:perfect CCFGAP transverse axisymmetric vibration for various
0.4 0.5 0.6 0.7
61.87080 89.2496 139.6179 248.3997
170.8981 246.3424 385.1524 684.9893
335.3733 483.2215 755.3098 1343.100
554.6590 799.0233 1248.800 2220.400
828.7950 1193.800 1865.600 3317.000
1157.800 1667.500 2605.800 4632.900
of the perfect CCFGAP transverse vibration for various modes
0.4 0.5 0.6 0.7
.2000 – 89.2000 – 248.0000
.3460 – 89.2500 – 248.4020
61.8710 – – –
61.8720 – 139.6100 –
.3462 61.8722 89.2508 139.6191 248.4021
.6000 – 90.2000 – 249.0000
.6430 – 90.2300 – 249.1640
– – – –
62.9960 – 140.4800 –
.6435 62.9959 90.2303 140.4796 249.1639
.0000 – 93.3000 – 251.0000
.1380 – 93.3210 – 251.4800
– – – –
66.6720 – 143.1300 –
.1388 66.6716 93.3212 143.1339 251.4806
.0000 – 99.0000 – 256.0000
– – – –
73.6300 – 147.7900 –
.0335 73.6301 98.9280 147.7869 255.4438
rfect CCFGAP in-plane axisymmetric vibration for various inner
0.4 0.5 0.6 0.7
29.0640 40.8717 62.8849 110.712
111.465 159.380 247.974 439.711
248.579 356.790 556.407 988.027
440.500 633.146 988.203 1755.70
687.247 988.454 1543.40 2742.60
988.825 1422.70 2221.90 3948.90
Figure 4 Effects of the porosity volume fraction on the non-
linear frequencies associated with the CCFGAP fundamental non-
linear axisymmetric mode shape.
Table 5 Non-linear dimensionless frequency ratios (xnl/x

l Þ
associated with the CCFGAP fundamental non-linear axisym-
metric mode shape (a= 0.1, k= 0.5).
wmax First kind of porosity
distribution f= 0.2
Perfect
FGM
f= 0
Second kind of
porosity distribution
f= 0.2
0.02 1.0001 1.0001 1.0001
0.1 1.0029 1.0028 1.0027
0.2 1.0116 1.0114 1.0109
0.3 1.0259 1.0253 1.0243
0.4 1.0454 1.0444 1.0427
0.5 1.0696 1.0682 1.0656
0.6 1.0982 1.0962 1.0926
0.7 1.1305 1.1279 1.1232
0.8 1.1661 1.1629 1.1571
0.9 1.2045 1.2006 1.1936
1.0 1.2455 1.2409 1.2327
1.3 1.3794 1.3728 1.3608
1.5 1.4759 1.4679 1.4533
1.7 1.5763 1.5669 1.5497
1.9 1.6799 1.6690 1.6494
2.0 1.7325 1.7210 1.7000
Figure 5 Effects of the gradient index on the non-linear
frequencies associated with the imperfect CCFGAP fundamental
non-linear axisymmetric mode shape.
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w
ir þ 3aiajakbwijkr þ
3
2
aibkC
uw
irk  2x2aimwir ¼ 0; r ¼ 1; . . . ; po
ð40aÞ
3
4
aiajC
uw
ijs þ 2bikuis

 
 2x2bimuis ¼ 0; s ¼ 1; . . . ; pi ð40bÞ
To simplify the analysis and the numerical treatment of the
set of non-linear algebraic equations, a non-dimensional for-
mulation has been considered by putting the spatial displace-
ment functions as follows:
wi rð Þ ¼ hwi rð Þ; ui rð Þ ¼ khui rð Þ; k ¼
h
a
; a ¼ b
a
ð41Þ
To obtain non-dimensional parameters, the following relations
can be put as such:r
r
¼ a; z
z
¼ h; muij;mwij

 
¼ 2pI0h2a2 k2muij ;mwij

 
kwij
kwij
¼ k
u
ij
kuij
¼ C
uw
ijk
Cuwijk
¼ b
w
ijkl
bwijkl
¼ 2pD11h
2
a2
;
x2
x2
¼ D11
I0a4
KL
KL
¼ 2D11
a4
;
KS
KS
¼ 2D11
a2
;
KNL
KNL
¼ 4D11
a4h2
ð42Þ
Eqs. (40a) and (40b) can be written in a non-dimensional form
as follows:
2aik
w
ir þ 3aiajakbwijkr þ
3
2
aibkC
uw
irk  2x2aimwir ¼ 0; r¼ 1; . . . ;po
ð43aÞ
3
4
aiajC
uw
irs þ 2bikuis
  2k2x2bimuis ¼ 0; s ¼ 1; . . . ; pi ð43bÞ
The non-dimensional terms mwij ;m
u
ij ; k
w
ij ; k
u
ij ;C
uw
ijk and b
w
ijkl are
given by:
mwij ¼
Z 1
a
wi w

j r
dr ð44Þ
muij ¼
Z 1
a
ui u

j r
dr ð45Þ
kwij ¼
Z 1
a
d2wi
dr2
d2wj
dr2
þ 1
r2
dwi
dr
dwj
dr
 !
rdr þ KL
Z 1
a
wi w

j r
dr
þ KS
Z 1
a
dwi
dr
dwj
dr
rdr ð46Þ
kuij ¼ b
Z 1
a
dui
dr
duj
dr
þ 1
r2
ui u

j þ
m
r
dui
dr
uj þ
m
r
ui
duj
dr
 
rdr
ð47Þ
Cuwijk ¼ b
Z 1
a
dwi
dr
dwj
dr
duk
dr
þ m
r
dwi
dr
dwj
dr
uk
 
rdr ð48Þ
bwijkl ¼ c
Z 1
a
dwi
dr
dwj
dr
dwk
dr
dwl
dr
 
rdr þ KNL
Z 1
a
wi w

j w

kw

l r
dr
ð49Þ
Figure 6 (a) Radial bending stress distribution, (b) radial membrane stress distribution, and (c) radial total stress distribution along the
non-dimensional radius associated with the imperfect CCFGAP fundamental non-linear axisymmetric mode shape, at various
dimensionless maximum vibration amplitudes.
Figure 7 Effects of the gradient index on the distribution through the plate thickness of (a) the radial bending stress and (b) the radial
membrane stress associated with the perfect CCFGAP fundamental non-linear axisymmetric mode shape at the inner edge of the plate.
322 L. Boutahar et al.with:
b ¼ A11h
2
D11
; c ¼ A11h
2
4D11
ð50ÞIn the case of thin plates, for which k is very small, the in-plane
inertia term, involving the term k2, can be neglected. This is an
acceptable assumption in most engineering applications of thin
Figure 8 (a) Radial bending stress distribution, (b) radial membrane stress distribution, and (c) radial total stress distribution along the
non-dimensional radius associated with the imperfect CCFGAP fundamental non-linear axisymmetric mode shape, at different levels of
the plate cross section.
Figure 9 Effects of the porosity volume fraction on the distribution through the plate thickness of the radial bending stress associated
with the perfect CCFGAP fundamental non-linear axisymmetric mode shape at the inner edge of plate: (a) first kind of porosity
distribution and (b) second kind of porosity distribution.
A homogenization procedure for geometrically non-linear free vibration analysis 323plates [78]. Consequently, Eq. (43b) can be solved for the bi’s
leading to:
bi ¼ ajaldjli; i ¼ 1; . . . ; pi ð51Þwhere
dijk ¼ 
1
2
ku1ij C
uw
ijk ð52Þ
Figure 10 Effects of the porosity volume fraction on the distribution through the plate thickness of the radial membrane stress
associated with the perfect CCFGAP fundamental non-linear axisymmetric mode shape at the inner edge of plate: (a) first kind of porosity
distribution and (b) second kind of porosity distribution.
Figure 11 Effects of the porosity volume fraction on the radial total stress associated with the imperfect CCFGAP fundamental non-
linear axisymmetric mode shape at the inner edge of the plate, for different levels of the plate cross section: (a) first kind of porosity
distribution and (b) second kind of porosity distribution.
324 L. Boutahar et al.dijk is a third order tensor expressing the coupling between the
in-plane and transverse vibrations and ku1ij is the inverse of
the tensor kuij . Substituting Eq. (51) in Eq. (43a) leads to an
uncoupled set of non-linear algebraic equations in terms of
the ai’s coefficients only i ¼ 1; . . . ; poð Þ:
aik
w
ir þ
3
2
aiajakb

ijkr  x2aimwir ¼ 0; r ¼ 1; . . . ; po ð53Þ
where bijkr is a fourth order tensor given by:
bijkl ¼ bwijkl þ
1
2
Cuwijn d

kln ð54Þ
The CCFGAP geometrically non-linear vibration problem
is now described by Eq. (53) which is identical to that of an iso-
tropic homogeneous annular plate having the equivalent
parameters defined above. Eq. (53) can be written in matrix
form as follows:
Kw½  Af g þ Knl½  Af g  x2 Mw½  Af g ¼ 0f g ð55Þwhere Mw½ ; Klw½  and Knl½  are the non-dimensional mass
matrix, the non-dimensional linear stiffness matrix and the
dimensionless non-linear geometrical stiffness matrix respec-
tively, and which have been computed numerically by a routine
called PREP. Each term of the matrix Knl½  is a quadratic
function of the column matrix of coefficients Af gT ¼
a1; a2; . . . . . . ; apo
 
, and is given by Knlij ¼ ð3=2Þakalbijkl. It
may be worth noticing that, when the non-linear term is
neglected in Eq. (70), it reduces to the eigenvalue problem:
Klw½  Af g  x2 Mw½  Af g ¼ 0f g ð56Þ
which is the Rayleigh–Ritz formulation of the linear vibration
problem.
In order to obtain the numerical solution for the non-linear
problem in the neighborhood of a given mode, the contribu-
tion of this mode is chosen and those of other modes are cal-
culated numerically using the Harwell library routine NS01A,
to obtain the numerical results presented for the r0th
A homogenization procedure for geometrically non-linear free vibration analysis 325non-linear mode shape of CCFGAP. For the first mode, the
procedure consisted of fixing a1 and calculating the higher
mode contributions from the system:
aik
w
ir þ
3
2
aiajakb

ijkr  x2aimwir ¼ 0; r > 1 ð57Þ
in which x2 is obtained either, from the principle of conserva-
tion of energy Vmax ¼ Tmaxð Þ applied by Benamar and co-
authors [53,59,64,66] to many non-linear structural dynamic
cases, where Vmax is the maximum value of the total strain
energy obtained from Eq. (30) for t ¼ 2p=x, at which T ¼ 0,
and Tmax is the maximum value of the kinetic energy obtained
from Eq. (31), for t ¼ p= 2xð Þ, at which T ¼ 0, or from another
formula for the ‘‘non-linear Rayleigh quotient”, that is based
on an alternative mathematical procedure similar to that used
in the linear case. It consists on pre-multiplying Eq. (57) by
Af gT and then deducing the expression for the dimensionless
non-linear frequency x as follows:
x2 ¼ aiajkwil þ ð3=2Þaiajakalbijkl

 
=aiajm
w
ij ð58Þ2.3.6. Iterative numerical procedure
The Harwell library routine NS01A is based on a hybrid iter-
ative method combining the steepest descent and Newton’sFigure 12 Effects of the elastic foundation parameters on the fun
CCFGAP: (a) Winkler foundation parameter, (b) non-linear foundatimethods. This method does not require a very good initial esti-
mate of the solution [81]. A step procedure, similar to that
described in Refs. [71–73] for fully clamped beams and rectan-
gular isotropic and laminated plates is adopted here to ensure
a rapid convergence while varying the amplitude, which
allowed solutions to be obtained with a quite reasonable num-
ber of iterations (an average of 28 for po ¼ 6ð Þ non-linear alge-
braic equations used in this work). For the first non-linear
axisymmetric mode shape, the first calculation was made in
the neighborhood of the linear solution by attributing a small
numerical value að Þ to the coefficient a1 of the basic function
w1. The resulting solution was then used as an initial estimate
for the following step corresponding to aþ Dað Þ. Thus, by
choosing in each case the convenient value of the step Dað Þ,
the first non-linear axisymmetric mode shape has been calcu-
lated at various maximum vibration amplitudes extending up
to a given value. The limit of error residuals is imposed to
be lower than 1016 in all cases. For the first non-linear axisym-
metric mode and for a given amplitude of vibration wmax, the
numerical iterative procedure accurately determines the non-
dimensional non-linear frequency parameter x and the corre-
sponding normalized eigenvector Af gT ¼ a1; . . . ; a6½  which in
turn gives the first non-linear axisymmetric mode shape:
w rð Þ ¼ aiwi rð Þ; i ¼ 1; . . . ; 6. The corresponding in-plane
shape function, i.e., u rð Þ ¼ biui rð Þ; i ¼ 1; . . . ; 6, is determineddamental non-linear axisymmetric mode shape of the imperfect
on parameter, and (c) shear layer foundation parameter.
326 L. Boutahar et al.by computing the in-plane contribution coefficients bi from Eq.
(51). In addition, the associated non-linear bending and mem-
brane stresses can be determined quite easily.
2.4. Bending, membrane and total stress expressions
By using the classical thin plate assumption of plane stress and
Hooke’s law, the radial and circumferential bending stresses in
the annular plate are given below:
rbr ¼  zE zð Þ
1 m2ð Þ
d2w
dr2
þ t
r
dw
dr
 	
ð59Þ
rbh ¼  zE zð Þ
1 m2ð Þ
1
r
dw
dr
þ t d
2w
dr2
 	
ð60Þ
And the radial and circumferential membrane stresses are
given by:
rmr ¼ E zð Þ
1 m2ð Þ
du
dr
þ 1
2
dw
dr
 2
þ t u
r
" #
ð61Þ
rmh ¼ E zð Þ
1 m2ð Þ
u
r
þ t du
dr
þ 1
2
dw
dr
 2 !" #
ð62Þ
The radial total stress is defined as follows:Figure 13 Effects of the elastic foundation parameters on the distrib
the imperfect CCFGAP: (a) Winkler foundation parameter, (b) non-lrtr ¼ rmr þ rbr ð63Þ
In terms of the non-dimensional parameters defined in the pre-
vious section, the radial and circumferential bending stresses
rbr and rbh can be defined as follows:
rbr ¼  z
E zð Þ
1 t2ð Þ
h2
a2
d2w
dr2
þ m
r
dw
dr
 	
ð64Þ
rbh ¼  z
E zð Þ
1 t2ð Þ
h2
a2
1
r
dw
dr
þ m d
2w
dr2
 	
ð65Þ
rmr ¼ E z
ð Þ
1 m2ð Þ
h2
a2
du
dr
þ 1
2
dw
dr
 2
þ m u

r
" #
ð66Þ
rmh ¼ E z
ð Þ
1 m2ð Þ
h2
a2
u
r
þ m du

dr
þ 1
2
dw
dr
 2 !" #
ð67Þ2.5. Basic functions choice
The problem of transverse vibrations of the thin annular plates
requires the solution of transcendental equations involving
ordinary and modified Bessel functions of the first and second
kinds of order as explained in [82]. The axisymmetric
CCFGAP transverse basic functions wi r
ð Þ are given below:ution through the plate thickness of the transverse displacement of
inear foundation parameter, and (c) shear layer foundation.
Figure 14 Effects of the non-linear foundation parameter on the distribution through the plate thickness of (a) the radial bending stress
and (b) the radial membrane stress, at the inner edge of the imperfect CCFGAP.
Figure 15 Effects of the shear layer foundation parameter on the distribution through the plate thickness of (a) the radial bending stress
and (b) the radial membrane stress, at the inner edge of the imperfect CCFGAP.
Figure 16 Effects of the combination of non-linear foundation parameter with shear layer foundation parameter on the distribution
through the plate thickness of (a) the radial bending stress and (b) the radial membrane stress, at the inner edge of the imperfect CCFGAP.
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ð Þ ¼ Ai J0 girð Þ þ BiY0 girð Þ þ CiI0 girð Þ þDiK0 girð Þ½ 
ð68Þ
where Ai is chosen as follows:Z 1
a
w2i r
dr ¼ 1 ð69Þ
and the eigenvalues gi are obtained from the fourth-order
determinant of the homogeneous system which is obtained
by applying the boundary conditions at each edge of the annu-
lar plate. The constants Bi;Ci and Di are obtained by back-
substitution of the eigenvalues in the usual manner. gi is
related to the ith dimensionless linear frequency parameter of
the annular plate transverse axisymmetric vibration by:
g2i ¼ xlw
 
i
ð70Þ
Numerical results for the first six linear frequency parameters
of the annular plate with clamped edges transverse axisymmet-
ric vibration for various inner to outer radius ratios are sum-
marized in Table 2. The comparisons of the results obtained
here and those found in [82–85] are illustrated in Table 3, for
various linear modes m; nð Þ and inner to outer radius ratios.
It is observed that the present results are almost identical to
those reported by these references.Figure 17 Effects of the elastic foundation parameters on the non-lin
axisymmetric mode shape: (a) Winkler foundation parameter, (b) n
parameter.The chosen in-plane basic functions ui r
ð Þ for the axisym-
metric vibration of the annular plate with clamped outer and
inner edge are given by [86].
ui r
ð Þ ¼ ni J1 nirð Þ 
J1 nið Þ
Y1 nið Þ
Y1 nir
ð Þ
 	
ð71Þ
where ni is the ith real positive root of the transcendental
equation:
J1 nið ÞY1 anið Þ  J1 anið ÞY1 nið Þ ¼ 0 ð72Þ
ni is related to the ith dimensionless linear frequency parameter
of the annular plate in-plane axisymmetric vibration by:
n2i ¼ xlu
 
i
ð73Þ
Numerical results for the first six linear frequency parameters
of the annular plate with clamped edges in-plane axisymmetric
vibration for various inner to outer radius ratios are summa-
rized in Table 4.
3. Numerical results and discussion
The effect of the porosity on the fundamental non-linear fre-
quencies of CCFGAP is plotted in Fig. 4. As shown in this fig-
ure, the first kind of porosity distribution through the plateear frequencies of the imperfect CCFGAP fundamental non-linear
on-linear foundation parameter, and (c) shear layer foundation
A homogenization procedure for geometrically non-linear free vibration analysis 329thickness tends to increase the non-linear frequencies of the
imperfect plate compared to the case of the perfect plate, when
the porosity volume fraction f increases, while the second kind
of porosity distribution tends to decrease them. A comparison
between the dimensionless frequency ratios associated with the
fundamental non-linear axisymmetric mode shape of the per-
fect and imperfect plate with the first and second kind of
porosity distribution is illustrated in Table 5.
The effect of the gradient index on the non-linear frequen-
cies of the imperfect CCFGAP is plotted in Fig. 5. For small
vibration amplitudes, the variation in the gradient index has
no significant effect on the frequencies associated with the fun-
damental non-linear axisymmetric mode shape, but at high
vibration amplitudes, the non-linear frequencies increase for
some values of the gradient index and decrease for other
values.
The curves of Figs. 6 and 11 show the non-linear ampli-
tude dependence of the stresses associated with the CCFGAP
fundamental non-linear axisymmetric mode shape. Exami-
nation of Fig. 6(a)–(c), shows an increase in the stresses with
increasing the amplitude of vibration with a higher and rapid
increase in the radial bending and total stresses closer to the
clamped edges, especially for the inner edge of the CCFGAP.
The radial bending rbrð Þ and membrane rmrð Þ stress distribu-
tions through the thickness at the inner edge of plate, for dif-
ferent values of gradient index kð Þ, are plotted in Fig. 7(a)Figure 18 Effects of various elastic foundations on non-linear frequ
linear axisymmetric mode shape.and (b) respectively. It is obvious that when the gradient
index increases the variation of Young’s modulus becomes
increasingly abrupt through the thickness. Consequently,
the stresses vary accordingly. It is observed that, for the com-
pletely ceramic-rich or metal-rich plates, corresponding
respectively to k ¼ 0 and k ¼ 1, the stress variation through
the plate thickness is linear, while for the CCFGAP, the
behavior is non-linear and is governed by the variation of
the properties in the thickness direction.
An analysis of the effects of porosity on the stresses in the
CCFGAP, particularly the effects of the kind of porosity dis-
tribution through the annular plate thickness, leads to the fol-
lowing remarks:
– It can be seen from Fig. 8(a)–(c) that the radial bending
stress at the plate mid-plane z ¼ 0ð Þ is negligible. However,
it may be noticed that the stresses are greater at the rich-
ceramic surface z ¼ þ0:5ð Þ, compared to those at the
rich-metal surface z ¼ 0:5ð Þ. The stresses at the inner
edge of the plate, associated with the second kind of poros-
ity distribution, exhibits less change compared to the case of
the first kind of porosity distribution.
– It can be seen from Figs. 9(a) and (b), and 10(a) and (b) that
the stresses decrease with increasing porosity volume frac-
tion fð Þ for the two kinds of porosity distribution
considered.encies associated with the imperfect CCFGAP fundamental non-
Table 6 Effect of the three elastic foundation parameters on the non-linear dimensionless frequency ratios (xnl=x

l Þ associated with
the CCFGAP first two non-linear axisymmetric mode shapes, at various non-dimensional maximum amplitude of vibration (a= 0.1,
f= 0.2, k= 0.5).
wmax Mode Elastic foundation type: K

L–K

NL–K

S
(m, n) 0–0–0 100–0–0 500–0–0 0–100–0 0–500–0 0–0–100 0–0–500
0.02 (0, 1) 1.00011 1.00010 1.00007 1.00017 1.00040 1.00004 1.00001
0.5 1.06969 1.06167 1.04224 1.10281 1.22461 1.02470 1.00693
1 1.24550 1.21900 1.15314 1.35506 1.71206 1.09227 1.02699
1.5 1.47593 1.42786 1.30569 1.67731 2.28343 1.18964 1.05813
2 1.73259 1.66275 1.48236 2.03024 2.88451 1.30633 1.09800
0.02 (0, 2) 1.00021 1.00020 1.00019 1.00021 1.00024 1.00010 1.00003
0.5 1.11928 1.11732 1.11010 1.12302 1.13953 1.06267 1.02191
1 1.37917 1.37350 1.35158 1.39245 1.44658 1.21026 1.07879
1.5 1.71130 1.70152 1.66509 1.73430 1.82061 1.41260 1.16314
2 2.07037 2.05911 2.00513 2.10439 2.26927 1.63985 1.26317
330 L. Boutahar et al.– As shown in Fig. 11(a) and (b), the effect of the porosity for
the first kind is higher at both the rich-ceramic and rich-
metal surfaces. It decreases if one moves toward the annular
plate mid-plane, where the stresses vanish. For the second
kind of porosity distribution, this effect is higher in the mid-
dle zones of the plate cross section and decreases to zero
when one moves toward the bottom and the top of the plate
cross section.
In order to analyze the effects of elastic foundation param-
eters on the displacements, the CCFGAP fundamental non-
linear axisymmetric mode shape is plotted in Fig. 12(a)–(c)
for the first kind of porosity distribution. The corresponding
transverse displacement distributions through the plate thick-
ness are plotted in Fig. 13(a)–(c). Results show that the non-
linear and shear layer foundation parameters KNLð Þ and KSð Þ
are more effective in reducing deflection than the Winkler
foundation parameter KLð Þ. Increase in shear layer KSð Þ and
non-linear KNLð Þ foundation parameters causes decrease in
the plate deformation. The decrease in the displacement indi-
cates that the increase in the foundation stiffness will certainly
enhance the plate rigidity.
The radial and membrane stress distributions through the
plate thickness at the inner edge are plotted in Figs. 14–16
for various elastic foundations. All curves show that, the radial
membrane stress rmrð Þ is negligible compared to the radial
bending stress rbrð Þ; therefore, it does not have any influence
on the radial total stress rtrð Þ. Fig. 14(a) and (b) shows that
the increase in non-linear foundation parameter KNLð Þ causes
decrease in the radial bending rbrð Þ and radial membrane
rmrð Þ stresses, therefore, a decrease in the total radial stress
rtrð Þ. As can also be seen from Fig. 15, an increase in shear
layer foundation parameter KSð Þ causes, (a) a decrease in
radial bending stress rbrð Þ, and (b) an increase in radial mem-
brane stress rmrð Þ. The rate of decrease or of an increase in
stresses is higher at rich-ceramic surface than at the rich-
metal surface of the plate. It can be observed from Fig. 16(a)
and (b), that the radial bending rbrð Þ and radial membrane
rmrð Þ stresses decrease with increasing KNL;KSð Þ. This appears
logic since rmrð Þ is negligible compared to rbrð Þ.
In order to analyze the effect of the elastic foundation
parameters on the non-linear frequencies of the CCFGAP,
the frequency ratio variation, versus the maximumnon-dimensional amplitude of vibration, and for various foun-
dation parameters, is depicted in Figs. 17 and 18 for the funda-
mental non-linear axisymmetric mode shape, and is illustrated
in Table 6 for both the first two non-linear axisymmetric mode
shapes. All curves and Table 6 show the amplitude dependence
of the non-linear frequencies as it has been shown in previous
studies [53–69] for beams, shells and plate-like structures. As it
can be seen from these figures and this table, the non-linear
frequencies decrease with increasing KL;KSð Þ and increase with
increasing KNLð Þ. The fundamental non-linear axisymmetric
mode shape exhibits more decrease and increase in the fre-
quencies than it does the second non-linear axisymmetric mode
shape, and the rate of decrease and of increase increases with
increasing the vibration amplitude. It is observed in Fig. 18
(b) that the increase of KL;KNLð Þ leads to an increase in
the non-linear frequencies with the vibration amplitudes.
However, the increase of KL;KSð Þ or KNL;KSð Þ leads to a
decrease in the non-linear frequencies as shown in Fig. 18(a)
and (c).4. Conclusion
The geometrically non-linear free vibrations analysis of imper-
fect CCFGAP, resting on elastic foundations, with two types
of porosity distribution through the plate thickness, have been
presented using a semi analytical method based on Hamilton’s
principle and spectral analysis. A homogenization procedure,
which has been proposed, reduces the examined problem to that
of an equivalent isotropic homogeneous annular plate. The influ-
ence of the porosity volume fraction and its distribution through
the plate thickness, the distribution of the material properties
through the plate thickness and the elastic foundation parame-
ters onnon-linear vibration responses of theCCFGAPhavebeen
carefully examined and discussed. Concerning the effect of the
geometrical non-linearity on the frequencies, the obtained curves
show a non-linearity of the hardening type (i.e., the frequency
increases with increasing the vibration amplitude). It is also
shown that the geometrical non-linearity induces a deformation
of the fundamental axisymmetric mode shape which induces a
significant increase in the resulting stresses at the inner and outer
plate edges. In view of the numerical results obtained, some con-
cluding remarks may be formulated as follows:
A homogenization procedure for geometrically non-linear free vibration analysis 331 For small vibration amplitudes, porosity volume fraction
fð Þ and the gradient index kð Þ have no significant effect
on the frequencies and stresses associated with the
CCFGAP fundamental non-linear axisymmetric mode
shape, but it may have a considerable effect at high vibra-
tion amplitudes.
 The increase in the porosity volume fraction fð Þ causes an
increase in the non-linear frequencies for the case of the first
kind of porosity distribution through the plate thickness,
and a decrease in the frequencies for the second kind of
porosity distribution case.
 The increase in the porosity volume fraction fð Þ causes a
decrease of Young’s modulus of the plate for the two kinds
of porosity distribution considered, and therefore leads to a
decrease in the stresses in the plate.
 The variation of Young’s modulus becomes increasingly
abrupt through the plate thickness for higher values of
the gradient index kð Þ, and it consequently leads to an
increase in the stresses in an abrupt manner.
 The analysis of the influence of the foundation parameters
on the geometrically nonlinear free vibration response of
CCGAP reveals that, for small vibration amplitudes, the
foundation parameters have no significant effect except at
high vibration amplitudes:
– The CCFGAP deflections decrease with increasing the
foundation parameters.
– The effect of the shear layer and non-linear foundation
parameters KS ;KNLð Þ on the deformations reduction of
CCFGAP is greater, compared with the case of the
Winkler foundation parameter KLð Þ.
– The Winkler foundation parameter KLð Þ has no signifi-
cant effect on the stresses associated with the fundamen-
tal non-linear axisymmetric mode shape.
– The shear layer and non-linear foundation parameters
KS ;KNLð Þ reduce the radial total stress associated with
the CCFGAP fundamental non-linear axisymmetric
mode shape. KSð Þ is more effective than KNLð Þ in
reducing the stresses in the plate.
– The shear layer and Winkler foundation parameters
KS ;KLð Þ are more effective than non-linear foundation
parameter KNLð Þ on frequencies associated with the first
two non-linear axisymmetric mode shapes.
– The increase in the shear layer and Winkler foundation
parameters KS ;KLð Þ causes a decrease in frequencies
associated with the first two non-linear axisymmetric
mode shapes.
– The increase in the non-linear foundation parameter
KNLð Þ causes an increase in frequencies associated with
the first two non-linear axisymmetric mode shapes.
– The effect of the foundation parameters on the non-
linear frequencies associated with the first non-linear
axisymmetric mode shape is more accentuated than that
associated with the second non-linear axisymmetric
mode shape, and this effect increases with increasing
the vibration amplitude.
The gradient index, porosity volume fraction, type of
porosity distribution through the plate thickness and elastic
foundation parameters have a significant influence on the geo-
metrically non-linear free vibration response of the CCFGAP
at large amplitudes. Further investigations are needed to exam-ine the effects of the porosity, the boundary conditions, and
the elastic foundation parameters on the thermo-mechanical
behavior of FGAP at large vibration amplitudes.
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